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Abstract 

We study certain Poisson structures related to quantized envelop- 
ing algebras. In particular, we give a description of the Poisson struc- 
ture of a certain manifold associated to the ring of differential opera- 
tors. 

Introduction 

Let U be the quantized enveloping algebra corresponding to a finite dimen- 
sional complex simple Lie algebra g. It is a Hopf algebra over Q(g, q~^)- In [3] 
De Concini-Procesi introduced a certain Q[g, g"^]-form ?/Q[q,g-i], and studied 
its properties (see also For z G we denote by Uz the specialization 
of f^Q[g,g-i] at q = z. Let £ be a positive odd integer, and let ( E he a 
primitive i-th root of 1 (we assume that i is prime to 3 for type G2). Then f/^ 
is canonically isomorphic to the specialization of the De Concini-Kac form at 
q = C- Denote by the central Hopf subalgebra of generated by the i-th 
powers of typical generators. It is called the Frobenius center of U(. Then 
one of the main results of |3] (and [1]) is the following isomorphisms of Hopf 
algebras: 

(0.1) Z^^f/i = C[M], 

where M is a certain algebraic group associated to q. The three Hopf algebras 
appearing in (10. ip are endowed with natural Poisson Hopf algebra structures, 
and the isomorphisms in (10. ip is in fact that of Poisson Hopf algebras. In 
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[1] De Concini-Procesi constructed an isomorphism Ui = C[M] by giving 
a correspondence between generators and verifying the necessary relations 
among generators by a lengthy calculation. Later a more natural construction 
of the isomorphism in terms of the Drinfleld paring was found by Gavarini 

In this note we present a slightly different proof of flO.ip which is still based 
on Gavarini's construction of the isomorphism. In fact in [S] the statement 
about the Poisson structure is deduced from its dual statement, but our 
argument is more direct (we do not claim that our proof is simpler than the 
one in [5]). We also give a description of the Poisson algebra associated to 
the ring of differential operators. 

In this paper we shall use the following notation for a Hopf algebra H 
over a field K. The co multiplication, the counit, and the antipode of H are 
denoted by 

(0.2) Ah:H^H(E)kH, 
(0.3) Eh: H ^K, 

(0.4) Sh:H^H 

respectively. The subscript H will often be omitted. For n G Z>o we denote 
by 

the algebra homomorphism given by 

Ai = A, A„ = (A (g) idj|/®n-i) o A„_i, 

and write 

{h) {h)„ 

I would like to express my appreciation to F. Gavarini for pointing out 
the reference |3] and informing me of several valuable comments on the first 
version of this manuscript. 

1 Lie algebras 

Let be a finite-dimensional simple Lie algebra over C and let f) be its Cartan 
subalgebra. We denote by A C f)*, Q C [)* and W C GL{[)*) the set of roots, 
the root lattice ^^eA ^^e Weyl group respectively. We fix a set of 
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simple roots {aj}je/, and denote the corresponding set of positive roots and 
simple reflections by A+ C f)* and C W respectively. Set 

aeA+ iei 
We denote the longest element of W hj Wq. Let 

(1.1) (,):[^*xr^C 

be the H^-invariant symmetric bilinear form satisfying {(3,(3)/2 = 1 for short 
roots P E A. We define subalgebras n"*", n~ of g by 

= 0±/3, 

/3GA+ 

where 

g±/3 = {x G I [h,x] = ±f3{h)x {h e [))}. 

Then we have 

For each i E I we take Cj G 0^., G fl-a^, /^i G f) such that [e,, /,] = /ij and 
ai{hi) = 2. 

We define a subalgebra m of g © g by 

m = {(/i + x, —h + y) \ h e i),x e n^, y G n"}. 

Set 

m° = {(/i,-/i) I /i G f^}, m+ = {(x,0) I X G n+}, = {(0, y) | y G n"}. 

They are subalgebras of m, and we have m = m+ © m° © m~ . Moreover, we 
have isomorphisms 



(1.2) f)~m° {h^{h,-h)), 

(1.3) n+~m+ {x^{x,0)), 

(1.4) n-~m- {y^{0,y)) 

of Lie algebras. We denote by 

(1.5) i : f) ^ m° 



the isomorphism (11.21) . For z G / set 

Xi = (ci, 0) G m+, yi = (0, fi) G m~, U = {hi, -hi) G m°. 

Let G be the adjoint group of g. We denote by M the connected closed 
subgroup of G X G with Lie algebra m. Let M'', be the connected closed 
subgroups of M with Lie algebras m°, respectively. 
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2 Quantized enveloping algebras 



For n e Z^o we set 

r - r" 



Nt = T— rr e Wt! = [n]t[n -l]f- [2]t[l]t G ^[i,^^] 



t-t 

For n e Z and m G Z>o we set 



n 
m 



[n\t[n - l]t ■ ■ ■ [n - m + l]t/[m]t!. 



The quantized enveloping algebra U — Uq{g) of Q is an associative algebra 
over Q{q) = Q{q) with identity element 1 generated by the elements Kx (A G 
Q), Ei, Fi {i G /) satisfying the following defining relations: 



(2.1) 
(2.2) 
(2.3) 

(2.4) 
(2.5) 

(2.6) 



Ko^l, KxK^^Kx+t, (A,/iGg), 

KxEiK-^^q^^'-^^Ei, i\eQ,iel), 

KxF.K^' = (A G Q,z G /), 



EF- — FE- — 6- 



1— a,: 



^ (_l)n^(l-a.-n)^.^(n) ^ q (i,; £ /, i ^ ;), 

n=0 

'^^(_l)n^(l-a.-n)^.^(n) ^ q (i, j £ /, i ^ ;), 



n=0 



where = gK'«i)/2^ = Xa,, a^j = 2(ai, aj)/(ai, «») for j G /, and 

for i G / and n G Z^o- Algebra homomorphisms A:C/ U ®U,e : U 
and an algebra anti-automorphism S : U ^ U are defined by: 



(2.7) A{Kx) = Kx® Kx, 

A{Ei) = E,0 1 + K,0E„ A{Fi) = F^^Kr^ + 1® F^, 

(2.8) e{Kx) = 1, e{E,) = e{F,) = 0, 

(2.9) S{Kx) = K-\ S{E,) = -K-'E,, 5(F,) = -F,K,, 

and U is endowed with a Hopf algebra structure with the comultiplication 
A, the counit e and the antipode 5". 
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We define subalgebras f/°, f/=°, ?7=°, f/+, of f/ by 

(2.10) u' = {Kx\Xe Q), 

(2.11) U=^ = {K^,E, \XeQ,teI), 

(2.12) f/^o = (irA,i^. I AeQ,ze/), 

(2.13) t/+ = (E, h G /), 

(2.14) U- = {F,\teI). 

Note that ?7°, f/-°, U-'^ are Hopf subalgebras of U, while f/''' and t/^ are 
not Hopf subalgebras. 

The following result is standard. 

Proposition 2.1. (i) {Kx \ \ e Q} is a Q{q)-basis ofU^. 

(ii) [resp. U~) is isomorphic to the Q{q)-algebra generated by {Ei \ i G 
1} {resp. {Fi I i G /}) with defining relation fl2.5p {resp. fl2.6p ). 

(iii) f/-° {resp. f/-°) is isomorphic to the Q{q)-algebra generated by {Ei, Kx \ 
i & I,X & Q} {resp. {Fi, Kx | i G /, A G Q}) with defining relations 

(EH), (O; {resp. (Q, (O, (USD). 

(iv) The linear maps 

u- ®u+ ^u^ ®u^' ® 

induced by the multiplication are all isomorphisms. 
For 7 G Q we set 

= {xeU^\ KxxK^^ = g^^'^^x (A G Q)}. 
We have t/^^ = {0} unless 7 G Q^, and 

76Q + 

For i G / we can define an algebra automorphism Tj of f/ by 
T,{K,) = Ks,, (/i G Q), 

E.":;? (-i)'c'^f""^"'^^.^P (j e /, 

-F,K, (j = z), 

E.:o^ (-l)'=gf Ff (j G /, 0, 
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For w G W we define an algebra automorphism of f/ by = Tj^ ■ ■ ■ Tj^ 
where w = ■ ■ ■ is a reduced expression. The automorphism does 
not depend on the choice of a reduced expression (see Lusztig [9J). 
We fix a reduced expression 

Wo = Si^--- Si^ 

of Wq, and set 

Then we have = {(3k \ I ^ k ^ N}. For 1 ^ k ^ N set 

(2.15) E^, =T,,---T,,„,(E,J, F^, =T,,---T,,_^(F,J. 

Then {EJ/ ■ ■ -E^JM ^1, • • • ,^iv ^ 0} (resp. ■ ■ ■ F^M "^i, • • • , ^ 

0}) is a Q(g)-basis of t/"*" (resp. U^), called the PBW-basis (see Lusztig |H]). 
We have Fq,- = Ei and F^. = Fi for any i E I. For l^fc^A^, m^Owe 
also set 

(2-16) <^ = EZ/[m],^J, F^f = F-/[m],^J, 

where g/3 = q^l^'f^y^ for /5 G A+. 

There exists a unique bilinear form 

(2.17) r : [/=° X [/=° ^ Q(g), 
called the Drinfeld paring, which is characterized by 

(2.18) T{x,yw2) = (r r)(A(x),t/i 0^/2) {x E f/=°, 1/1,^2 G f/=''), 

(2.19) T{xiX2,y) = {T(E)T){x2®Xi,A{y)) (xi, G t/=°, y G f/=°), 

(2.20) r(irA,i^M) = 9"^^'''^ (A,/iGg), 

(2.21) r(ir,, F,) = r(F„ T^a) = (A G z G /), 

(2.22) r(F„F,) = - q,) G I). 

It satisfies the following (see Tanisaki [TT], Lusztig [9]). 
Lemma 2.2. (i) r(S(x), S^y)) = t{x, y) for x G t/=°, yeU=°. 
(ii) For X G U-^,y G f/-° we /iave 

^2;= ^ r(x(o),5(?/(o)))r(x(2),i/(2))a;(i)?/(i), 

(^)2,(?/)2 

^2/= X] ^(^(o)'^/(o))^(a;(2),5'(?/(2)))2/(i)X(i). 
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(iii) T{xKx,yK^) = g-(^''^)r(x,i/) for X, ft e Q,x eU+,y eU-. 

(iv) r(f/;,f/r^) = {0}/or/5,7GQ+ wtthp^j. 

(v) For any (3 G Q'^ the restriction of ( I2.17P to xUZ/s ^■^ non- degenerate. 
We have the following explicit computation of fl2.17p in terms of PBW- 

bases [?!, m)- 

Proposition 2.3. We have 

N 
k=l 

The quantized enveloping algebra V = Ug{m) of m is an associative al- 
gebra over Q(g) with identity element 1 generated by the elements Zx (A G 
Q), Xi, Yi [i G /) satisfying the following defining relations: 

(2.23) Zo = l, ZxZ^, = Zx+,. (A,/iGQ), 

(2.24) ZxX.Z^' = g(^'"')X„ (A G g,^ G /), 

(2.25) ZxY.Z^' = g(^'"')F, (A G g,^ G /), 

(2.26) X,Y,-Y^Xi = 



(2.27) (-1)"^^""^"^^,^^ ^ = (^, J e /, 2 ^ j), 

n=0 

(2.28) 5^ (_l)nya-.-n)^^^W ^ Q (z, J G J, ^ ^ j), 



n=0 



where 



is endowed with a structure of Hopf algebra by 



(2.29) A(Za) = Za®Za, 

A(X,) = ® 1 + ® Xi, A(ri) = Fi ® Zi + 1 ® Fi, 

(2.30) e{Zx) = 1, £(X,) = eiYi) = 0, 

(2.31) ^(Z,) = ZZ\ Six,) = -Zr^X,, S(F,) = -Y,Zr\ 



where Z, = Z^^ for i G I. 
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We define subalgebras , 1/=°, 1/=°, 1/+, of V by 



(2.32) 




= {z. 


1 AgQ), 




(2.33) 






1 A G g, 




(2.34) 




= (^A, 


l^i 1 A G Q, 


I el), 


(2.35) 




= (X, 


Mg/), 




(2.36) 


V- 




2 G /). 





Then y*^, y='^, are Hopf subalgebras of V . 

Similarly to Proposition 12.11 we have the following. 

Proposition 2.4. (i) {Zx \ \eQ] is a Q{q)-basis ofV'^. 

(ii) {resp. V~) is isomorphic to the Q{q)-algebra generated by {Xj | i G 
1} [resp. {Yi I i G /}) with defining relation fl2.27p {resp. (12.281) ). 

(iii) V-^ {resp. V-^) is isomorphic to the Q{q)-algebra generated by {Xj, Zx \ 
i E I,X E Q} {resp. {Yi,Zx | i G /, A G Q}) with defining relations 
(E21, (E21, (E2Z!) {resp. (^M), (ESSl), (E28D). 

(iv) The linear maps 

V- (^V'^ ®v+ ® V-, 

induced by the multiplication are all isomorphisms. 
For 7 G Q we set 

= {xeV^\ ZxxZ-^ = (A G Q)}. 

We have = {0} unless 7 G Q^, and 

76Q+ 

By Proposition 12.11 and Proposition 12.41 we have isomorphisms 

^^0 . ySo ^ ^^0 ^ F„ Zx ^ K-x), 

of Hopf algebras. 
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We define a bilinear form 
(2.37) a:U xV ^ Q(g) 

by 

a{u+UQS{uJ),v_v+VQ) = r(M+,?7=°(t;_))r(Mo,77=°(t;o))r(?7=°(t;+),M_) 
Note tliat 

(j{u+u^o,v^q) =t{{S ov-°){v^o),u^o)^{u+) 

Tlie following result is a consequence of Gavarini [5l Theorem 6.2]. 
Proposition 2.5. VFe /iave 

ct(m, w') = ((T (g) a){A{u),v(g) v') {u G t/,f,t;' G V^). 

3 A-forms 

We fix a subring A of Q(g) containing Q[g, We denote by f/f' the Lusztig 
A-form of [/, i.e., f/f" is the A-subalgebra of U generated by the elements 

(.G/,m^O, AgQ). 

Set 

Then ^/f, f/^'", t/^'^", ?7^'=° are endowed with structures of Hopf algebras 
over A via the Hopf algebra structure on U , and the multiplication of t/f" 
induces isomorphisms 
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of A-modules. Moreover, Ub^, Ut , Ub^ are free A-modules with bases 



n ^ 



rii 



rij ^ 0, £j = or 1 



respectively, where 



m 



m—l 



(m ^ 0). 



s=0 

We denote by Va the A-subalgebra of V generated by the elements 



y{m) T^(in) y±l 



m 



{i e I, 0), 



where 



Set 



m 



s=0 



[m ^ 0). 



Then we have 



(xf I i e /, m ^ 0), 14" = {yr' I i e /, m ^ 0) 



(m) 



as A-algebras, and is a free A-module with basis consisting of the elements 



n z 



Z^ 



[vrii ^0, £j = or 1). 



Moreover, the multiplication of Va induces isomorphisms 
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of A-modules. Note that 



We define root vectors G Vg|;, G V_f^^ {1 ^ k ^ N) by 



(3.1) r/^°(X,J = E,„ r/^°(r,J 



and set 



.(m) _ vim) _ 



(3.2) = YP = {l<k<N,m>0). 

Then we have free bases {X^^""^ ■ ■ ■ X^^'^ | mi, . . . , m^v ^ 0} and {Y^'^''^ ■ ■ ■ F^™^^ 
mi, . . . , ^ 0} of and V^* respectively. 
Set 

(3.3) UA = {ueU\a{u,VA) CA}, 

(3.4) f/f = f/^ n f/A, f/° = f/° n f/A, 

(3.5) f/f = f/^° n f/A, t/r° = f/=° n f/A, 

(3.6) f/f, ±^ = f/f n f/±^ (/5Gg+). 

We can easily check that 

(3.7) Ul = {xeU+\Tix,ut)eA}, 

(3.8) U^={yeU- \r{U^^,y)eA}, 

(3.9) [/° = 5^Air,. 

xeP 

Moreover, the multiplication of U induces the isomorphism 

f/A^f//®f/>f/A, 

f/f ^f/>f/A =^f/A ®f^A 

of A-modules. 

For i G / we set 

(3.10) A, = {q, - q-')E,, = {q, - q-^)F,. 
For 1 ^ k ^ N we also set 

(3.11) Afs^ = (qp^ - qp^)Ep^, Bp^ = {q^^ - qp^)Fp^. 
Then we have the following results (see Gavarini [5J). 
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Lemma 3.1. {AJ- ■ ■ ■ | rm, . . . , ^ 0} (resp. {Bj^ ■ ■ ■ | rm, . . . , ^ 

0}j is an A-basis of (resp. U^). In particular, we have C U^'^ . 

Proposition 3.2. (i) Ul, U^, U^, f/p, are K-suhalgehras of 

U. 

(ii) U^, U^^ , U^^ , are Hopf algebras over A. 

Remark 3.3. It follows from Lemma 13.11 that the A-form 11^ of U is the 
same as the one considered in De Concini-Procesi [1]. 

By ([217]), dSSD and Lemma O the bilinear form r : f/=° x f/=° - 
induces 

(3.12) rr : x ut'-' - A, r^' : ut'° x C/f ^ A, 

(3.13) rr : Uf X C/f ^ A 



and 0" : t/ X y — > Q(g) induces a bilinear form 
(3.14) (Ta : f/A X ^ A. 

4 Specialization 

Fix z & and set 

A. = {//^7|/,^?GQ[g,g-i],(7(2)^0}c 
We set 

(4.1) U^ = C0A.Ul, V, = C®A. Va., f/. = C®a. t/A., 
where the specialization ^ C is given hj q ^ z. We also define U^'^, 

ut', ut=\ ut=\ (/5 G Q+), vP, v;%, (/3 G Q+), ut, 



f/°, f/.-°, f/F, ?7^=^i^ {(3 G Q+) similarly. We denote by 

(4.2) p^:f/^^^t/f, p^:^^^^^^, ^^.u^^^U, 

the natural homomorphisms. The bilinear forms fl3.12p . f lS.lSp for R = A^ 
induce bilinear forms 

(4.3) rf'^ : f/|° x f/f'^" ^ C, : t/f x Up ^ C, 

(4.4) rW : f/f x f/f C, 
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and (13 .141) for R = induces a bilinear form 

(4.5) cr, : f/, X V; C. 
Set 

Jz = {vEV,\a,iU,,v) = {0}}. 

Lemma 4.1. is a Hopf ideal ofVz, and we have = V^V^{Jz fl K°). 

Proof. It easily follows from Proposition 12.51 that is a two-sided ideal. 

Set jo = J, n 1/° and = VJV-V+J^. Since the multiphcation of V, 
induces an isomorphism Vz — V~ ®V^, we have 

y; ^ (v- ® v;+ ® n/(\/- ® v;+ ® j°) ^ \/- ® ® (kVjD. 

Let cr'^ : Uz X V!, ^ C be the bilinear form induced by o"^. Then we see easily 
that {v G 1/' I a'^{Uz,v) = {0}} = {0}. Hence = V-V+J^. It remains 
to show A{Jz) C Jz ^ Vz + Vz ^ Jz- By the above argument we are reduced 
to showing A(J°) C Jz ®V^ + V^ ® Jz- We can easily check this from the 
definition of a. □ 

We define a Hopf algebra Vz by 

(4.6) Vz = Vz/Jz. 
We denote by 

(4.7) Pz : V^A. - Vz 
the canonical homomorphism. Let 

(4.8) Wz-.UzXVz^C 

be the bilinear form induced by (14.51) . Denote the images of Vz, V^, Vz"^, Vr^ 

— — — it — >0 — <0 

under Vz — > V z by V V z, V^ , V^ respectively. Then the multiplication 
of Vz induces isomorphisms 



Vz^V:^vt(E)Vl, 

vf^vt®vl, 
V- ^ V, ® v.. 



Lemma 4.2. The bilinear form (14. 8 p is perfect in the sense that 

(4.9) ueUz, aziu,Vz) = {0} =^ u = 0, 

(4.10) veVz, aziUz,v) = {0} ^ v = 0. 
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Proof. f l4.10p is clear from the definition. The proof of fl4.9p is reduced to 
showing 

u e f/°, a^iu, V^) = {0} =^ M = 0. 
This can be shown by a direct computation. Details are omitted. □ 
Set 

/, = ut-ut^i! c f/f . 

Lemma 4.3. /°, /|°, #, are Hopf ideals of U^^^, f/f f/f t/,^ 



Proof. By Lemma HIT] we see easily that J°, V^J^, J° are Hopf ideals 
of V;°, V;=°, V;=° respectively. Since r/^0|yp : V;° f/f"°, r^^o : ?7i"=°, 
?7-° : VL"° Uz'^^ are isomorphisms of Hopf algebras, J°, /^°, are Hopf 
ideals of U^''^, Uz'^^, Uz'^^ respectively. Then the assertion for Iz follows 
from those for Uz'^^ and Uz'^^- □ 

We define a Hopf algebra by 



(4.11) = U^/Iz. 
We denote by 

(4.12) t--Ut^U\ 



the canonical homomorphism. Denote the images 

under — > t/f' by t/^'^, ^2'^, ^^2'"°, ^2'"° respectively. We also denote by 

(4.13) ^:vf'^U^', ^^Vf^uf" 

the Hopf algebra isomorphisms induced by rj=^ and rj=^ . The bilinear forms 
g3D induce 

(4.14) rf'^ : Uf x F^=° C, r^/ : F^=° x f/f C. 
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5 Specialization to 1 

For an algebraic groups S over C with Lie algebra s we will identify the 
coordinate algebra C[S] of S with a subspace of the dual space U{s)* of the 
enveloping algebra U{s) by the canonical Hopf paring 

C[S] ® f/(s) ^ C. 

We see easily that Ji is generated by the elements pi{Zx) E Vi for \ E Q. 
From this we see easily the following. 

Lemma 5.1. (i) We have an isomorphism V\ = U{m) of Hopf algebras 
satisfying 

PiiXi) ^ Xi, PiiYi) ^ yi, 



Pi 



Zi 
m 



U{U -l)---{U-m + l)/m\. 



(ii) We have an isomorphism f/f = U (q) of Hopf algebras satisfying 



m 



hi{hi - 1) ■ ■ ■ (/li - m + l)/m!. 



In the rest of this paper we will occasionally identify Vi and Ui with 
U (m) and U{q) respectively. 

In [1] De Concini-Procesi proved an isomorhphism 

(5.1) Ui ^ C[M] 

of Poisson Hopf algebras. They established (15.11) by giving a correspon- 
dence between generators of both sides and proving the compatibility after a 
lengthy calculation. Later Gavarini [5J gave a more natural approach to the 
isomorphism (15. ip using the Drinfeld paring. Namely we have the following. 

Theorem 5.2 (Gavarini [5]). The bilinear form 

ai : f/i X Fi ^ C 

induces an an isomorphism 

(5.2) T -.Ui-* C[M] ( c U{my ~ Vl) 
of Hopf algebras. 
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Gavarini ^ also proved that fl5.2p is an isomorphism of Poisson algebras. 
This point will be discussed later in Section [7] below. 

For convenience of readers we give a more concrete description of T. Let 
us first give a description of C[M] as a subspace of U{m)*. The enveloping 
algebra U{vcv^) has the direct sum decomposition 

where 

f^(m^)±/3, = {xe f/(m±) I [Lih),x] = P{h)x {he\))} 
for (3 & . Then we have 

C[M±] = {U{m^)^,Y C f/(m±)*. 

Moreover, we have 

C[M°] = 0CxACt/(l))* 

where xa : U{m^) — > C is the algebra homomorphism given by x\{^{h)) = 
X{h) {h G f)). The isomorphism 

M- X X M"" c:^ M {{g-,g+, go) ^ g-g+go) 

of algebraic varieties induced by the product of the group M gives an iden- 
tification 

(5.3) C[M+] ® C[M-] ® C[M°] ~ C[M] 

of vector spaces. The multiplication of the algebra U (m) induces an identi- 
fication 

C/(m+) (g) U{m~) ® f/(m°) ~ f/(m). 
Then the canonical embedding C[M] C f/(m)* is given by 

C[M] ~ C[A'/+] ® C[M-] ® C[M°] c f/(m+)* ® ?7(m-)* ® ?7(m°)* 
C (f/(m+) ® U{m-) ® t/(m°))* = f/(m)*. 

Let T : Ui —>■ f/(m)*(~ \^^) be the linear map induced by ai. Then we 
have 

f{u+UoS{u^)){v_v+Vo) = T+(M+)(t;„) ■ T°(Mo)(t;o) ■ '^'iu^){v+) 



16 



where T± : f/f ^ f/(m^)* and T° : f/o ^ f/(m°)* are given by 

T+(M+)(t;_) = r?'^(M+,r/P(t;_)), 
T^(M_)(t;+) = ri'\r/p(f+),M_), 
T%m{Kx)) = XX- 
For i e / we define G C[M-] C U{m-)*, h G C[M+] C f/(m+)* by 

(ai,f/(m")_^) = (/ST^fti). (ai,?/i) = -l, 
(6„f/(m+);3) = (&i,x,) = l. 

We identify C[M=^],C[M°] with subalgebras of C[M] via (E3]), and regard 
Qj) ^i; Xa G A G Q) as elements of C[M]. We see easily the following. 

Lemma 5.3. Under the identification fl5.2l) of Theorem \5.^ we have 
ni{Ai) ai, ni{Bi) ^ kx-a,, 71"i(-^a) ^ Xx {i e I,X e Q). 



6 Specialization to roots of 1 

We fix a positive odd integer i. We assume that i is prime to 3 if g is of type 
G2- We denote by C ^ a fixed primitive i-th root of 1. 



Remark 6.1. Denote by f^Q[f,-i] the De Concini-Kac 

is the 



(see [2]). Namely 



DK 



q ]-form of U 
, g~^]-subalgebra of U generated by 



C 



{Kf\Ei,Fi I i G /}. Then we have f/< 
specialization Q[g, q^^] ^ C is given by q 



C 



DK 



^11; 



where the 



We denote by : Uj^ Lusztig's Frobenius morphism (see |H]). 

Namely, is an algebra homomorphism given by 



(6.1) 
(6.2) 

(6.3) 
(6.4) 



m 




e^pf(irA))=pt(i^A) (agq). 



It is a Hopf algebra homomorphism. 
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Lemma 6.2. We have ^^{1^) C h. 

Proof. It is sufficient to show c I^. For z e C^, m 

and e = (ei)jg/ G {0, 1}^ set 



Vie/ ^ 



rrii 



Then any element u of f/f''° is uniquely written as a finite sum 



>0' 



Then we have u G if an d only if 



^ ^ Cm, el?; 
rn,£ 



Hence it is sufficient to show that 

,(A,aV) 



'(A,«r)" 




mi 





(VA G g). 



(6.5) 

implies 
(6.6) 



m,e 



(A, a,^ 
mi 



(VA G g) 



9=C 



(V/i G g). 



Indeed (16. 6 p follows by setting A = £/i in (16.51) . 
We denote by 

(6.7) e--U'^ Ui 
the Hopf algebra homomorphism induced by 

Lemma 6.3. There exists a Hopf algebra homomorphism 

(6.8) e : Fc Fi 



□ 
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satisfying 



Zi 

m 




— >0 — L >0 — <0 — L <0 

Proof. By the isomorphisms ^ U^'^ , ^ U^'^ for z G in- 
duced by ?7=°, 77=° we obtain Hopf algebra homomorphisms ^-^ : 
and : 1^^° — > V^^ corresponding to ^■^L l >o and ^■^L z, <o respectively. By 



we obtain the desired Hopf algebra homomorphism ^ '■ —>■ Vi 

□ 



[v:,v: 

satisfying ^|_^o = and ^|_^o = ^=°. 

By [8] and the construction of we have the following. 
Lemma 6.4. We have 



e(Pc(4?)) 







{i\n) 
{i /n), 

{i\n) 



Proposition 6.5. There exists a unique linear map 

(6.9) *^ : f/i ^ f/c 
satisfying 

(6.10) ac(*e(«),^^) =^i(^^,e(^^)) (n G f/i, i; G Fc). 

/t zs an injective Hopf algebra homomorphism whose image is contained in 
the center of Uc_. 
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Proof. By a direct computation the linear map ^C, '■ Ui defined by 

(6.11) 'i{r:M7.---AlK,S{BZ...Bl))) 

= ■ ■ ■ ■ ■ ■ 

satisfies fl6.10p . The uniqueness and the injectivity of *^ follow from Lemma 
I4.2[ *^ is a homomorphism of coalgebras by Proposition I2.5[ 

Let us show that *^('u) is a central element for any u & Ui. We may 
assume that m G t/J* or m G or m G S'([/f ). If m G 1/^, then is a 

central element since it is a linear combination of the elements of the form 
Kix (A G Q). Assume u G Ui- Let us show 

(6.12) '^{u)x = x'^{u) {x G U^). 

It is sufficient to show a(^(^^{u)x,y) = a^(x*^('u), y) for any y . By 

W<;C^{u)x,y) = {a^(E)a^){x(E)'^{u),A{y)) = {a^ (E)ai){x ® u, {1(E) Oi^iv))), 
W<;{x'^{u),y) = {a^(^a^){x^'^{u),A\y)) = (a^ ® ai)(x ® m, (1 ® e)(A'(l/))), 

it is sufficient to show (1 ® ^)(A(?/)) = (1 (g) ^)(A'(?/)) for any y ^ . Here 

A' is the opposite comultiplication. We may assume y = p^(f/"^). Then we 
have 

n 

r=0 

where C,i = and hence 

(i^e)(A(p,(y/"))))) = Yl crpc(^/"""'^)®^c(^/^^) = (i®o(A'(^))) 

(note that p^{Z^) = 1). fl6.12p is proved. By Proposition 12.31 we have 

(6.13) r^'^*e(x),y) = 6ix)eiy) {x G uf\y e uf). 
Hence by Lemma [2.21 we obtain 

%u)y= J2 i•^*e(«(o)),l/(o))i'^*e(«(2)),^(l/(2)))l/(l)*e(^(l)) 

= ^(^(o))^(z/(o))^(^^(2))£(y(2))y(i)*^(^i(i)) = y^^{u) 

for any y G U^'^. Therefore, *^(m) is a central element for any u G Ui . 
Similarly, we can show that *^(m) is a central element for any u G S{U^). 
We have shown that the image of is contained in the center of U^. It also 
follows from this and (16. lip that *^ is an algebra homomorphism. □ 
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Remark 6.6. Some of the arguments in our proof of Proposition 16.51 is 
similar to those for the dual statement in Gavarini [HI Theorem 7.9]. 



We set 



(6.14) 



By Proposition 16.51 it is a Hopf subalgebra of Uc^ contained in the center. 

7 Poisson structures 

By Theorem 15.21 and Proposition 16.51 we have isomorphisms 



of Hopf algebras. They are in fact isomorphisms of Poisson Hopf algebras 
with respect to certain canonical Poisson structures (De Concini-Procesi P]). 
In this section we will give an account of those Poisson structures. 

We first recall standard facts on Poisson structures (see e.g. [1]). A com- 
mutative associative algebra R over a field K equipped with a bilinear map 



is called a Poisson algebra if it satisfies 

(a) {a, a} = (a G -R), 

(b) {a, {6, c}} + {6, {c, a}} + {c, {a, h}} = {a,b,ce R), 

(c) {a,bc} = b{a,c} + {a,b}c {a,b,cER). 

A map F : R ^ R' between Poisson algebras R, R' is called a homomor- 
phism of Poisson algebras if it is a homomorphism of associative algebras 
and satisfies F{{ai,a2}) = {F{ai), F{a2)} for any ai,a2 G R. The tensor 
product R ®K R' of two Poisson algebras R, R! over IK is equipped with a 
canonical Poisson algebra structure given by 



for ai,a2 G -R, &2,&2 € -R'- A commutative Hopf algebra R over a field K 
equipped with a bilinear map 



(7.1) 



Z^c^Ui- C[M] 



{,}:RxR^R 



(cti ® &i)(a-2 ® &2) = CLia2 ® bib2, 

{ai (g) 6i, a2 ® 62} = ^2} ® &1&2 + CLia2 ® {61, 62} 



{, } : X i?^ i? 
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is called a Poisson Hopf algebra if it is a Poisson algebra and the comulti- 
plication A : i? — > i? <S)k R is a homomorphism of Poisson algebras (in this 
case the counit £ : — > K and the antipode S : R R become auto- 
matically a homomorphism and an anti-homomorphism of Poisson algebras 
respectively). 

A smooth affine algebraic variety X over C is called a Poisson variety if 
we are given a bilinear map 

{ , } : C[X] X C[X] C[X] 

so that C[X] is a Poisson algebra. In this case {f,g}{x) for f,g E C[X] and 
X E X depends only on dfx,dgx, and hence we have 5 e r(X, /\^ Qx) such 
that 

{f,9}ix) = Sxidf,^,dg^^), 

where ©x denotes the sheaf of vector fields. We call S the Poisson tensor of 
the Poisson variety X. 

A linear algebraic group S over C is called a Poisson algebraic group if 
we are given a bilinear map 

{ , } : C[S] X C[S] C[S] 

so that C[S] is a Poisson Hopf algebra. Let S be the Poisson tensor of S as 
a Poisson variety, and define e : S ^ /\^ s hj {d£g){e{g)) = Sg for g E S. 
Here, s is the Lie algebra of S which is identified with the tangent space 
TeS at the identity element e & S, and ig : S ^ S is given hy x i— > gx. 
By differentiating £ at e we obtain a linear map s ^ /\^ s. It induces an 
alternating bilinear map [ , ] : s* x s* — > s*. Then this [ , ] gives a Lie algebra 
structure on s*. Moreover, the following bracket product gives a Lie algebra 
structure on s © S*: 

[(a, ip), (b, ijj)] = ([a, b]+ipb- ijja, a'ijj-bip + [(p, ijj]). 

Here, sxs* 3 (a, (p) ^ a(p e s* and s*xs 3 {(p,a) ^ (pa E s are the coadjoint 
actions of s and s* on s* and s respectively. In other words (s © s*,s, s*) is 
a Manin triple with respect to the symmetric bilinear form on s © s* given 
by ((a, p), {b, ip j) = p{b) + ip{a). We say that (a, b, c) is a Manin triple with 
respect to a symmetric bilinear form ( , ) on a if 

(a) is a Lie algebra, 

(b) ( , ) is a-invariant and non-degenerate, 

(c) b and c are subalgebras of a such that a = b © c as a vector spaces. 
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(d) (b,b) = (c,c) = {0}. 

Conversely, if (o, b, c) is a Manin triple and 5 is a linear algebraic group with 
Lie algebra b, then we can associate a natural Poisson Hopf algebra structure 
on C[B] by reversing the above process. 

Now let us return to our original setting. Note that m is a subalgebra of 
0©0. Set 

(7.2) e= I X G 0} C 0©0. 
We have a natural isomorphism 

(7.3) e-.Q^t {e{x) = {x,x)) 

of Lie algebras. It is easily seen that (g © g, m, t) is a Manin triple with 
respect to the symmetric bilinear form k on g © g given by 

(7.4) k{{xi,yi),{x2,y2)) = K,ixi,X2) - K,{yi,y2) (xi, X2, yi, 1/2 e g), 
where 

(7.5) K-.gxQ^C 

is the g-invariant symmetric bilinear form which induces the symmetric bilin- 
ear form (11.11) on [)*. It follows that C[M] is endowed with a natural Poisson 
Hopf algebra structure. 

Lemma 7.1. C[M] is generated by {ai,bi,x\ | « G /, A G Q} as a Poisson 
algebra. 

Proof. See De Concini-Procesi [1, Section 14.5]. □ 

On the other hand we have a natural Poisson Hopf algebra structure on 
Ui given by 

(7.6) {7i,{a),m{b)} = 7ri{[a,b]/{q-q-')) (a, 6 G [/a J 

(see De Concini-Procesi [1]). 

The definition of the Poisson structure on is more subtle. Let be 
the center of U^. We have a Poisson algebra structure on given by 

(7.7) {nd<^),7r^{b)} = n^{[a,b]/e{q'-q-')) 

{a,b G Ua^, 7r(;(a),7r^(6) G C^). 

If is closed under the Poisson bracket (17. 7p . then this gives a Poisson Hopf 
algebra structure on (see De Concini-Procesi [i]). 
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Theorem 7.2 (De Concini-Procesi Zc^ is closed under the Poisson 
bracket ( 17. 7p . Moreover, the isomorphisms in ( 17.11) preserve Poisson struc- 
tures. 

Gavarini [3] also gave a natural proof of the fact that the isomorphism 
Ui ~ C[M] in (17.11) preserves the Poisson structures using his definition of 
the isomorphism in terms of the Drinfeld paring. In fact, he gave a proof of 
the statement dual to it concernig Poisson coalgebra structure of the dual 
objects, and deduced the above statement from it. In the rest of this section 
we give a direct proof of this statement. 

Lemma 7.3. Let i e I, 'j e and b E U{^^^. Write 

71 :72 GQ+ ,71 +72 =7 

and define b', b" G f/i~_(^_„^) by 

(7.8) 6«.,7-a. = MBi) ® b', = b" ® 7ii{B,). 
Then we have 

(7.9) {MA,),b} = ^^^{b"MK,)-b'MKr^)), 

(7.10) {ndA^),m} = ^^^cab>dK!) - 'ab>dK-% 

Proof. Note that (17. 9p can be regarded as a special case of (I7.1UI) when 
i = 1. Hence we will only prove ( I7.10p . We can write 

A2(4) =4®l®l+Kf®A^®l + irf®irf®Af + (g^-g-0^X,®X;®X; 

j 

for some X^-, Xj, X'J e f/|°. By {e®l® £)A2(Af) = Al we have 

(7.11) ^e(x,)5(x;)x; = o. 
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Take B E Uj^ such that n^^B) = Then we have 

AlB 

{B)2 (B)2 

+ 5^r(irf,5(o))r(A^,5i?(2))i?(i)irf 

{B)2 

+ iq'-q-') E ^(^.,i?(0))r(X;,55(2))i?(i)X; 
+ E r(X,,i?(o))r(X;,5i?(2))i?(i)X;, 

and hence 

nvrc(4)/eW} 

=7rc( (Er(Af,i?(o))5(i) + J]r(A^,55(i))5(o)irf) ) / (g^ - 

V V (B) {B) J I 



+ 7rc 5^ r(X,,i?(o))r(X;,5i?(2))i?(i)X; 
Note 

E 7r^(5(o)) ® 7r^(fi(i)) ® 7r^(fi(2)) = (vtc ® tt^ ® 7r^)(A2(5)) 
(5)2, i 

=A2(7rc(i?)) = A^reW) = (*e ® *e ® *0(A2(&)). 
Hence by f l6.13p and (17. lip we have 

I ^(^„5(o))r(x;,5i?(2))5(i)x; I 

\{B)2.3 I 

= Y i''K(^.),^c(5(0)))i''(vrc(X;),5(7rc(5(2)))7r^(i?(i))7rc(X;) 
(5)2, i 

= 5^ r«'^7rc(X,0/e(^)))r?''K(^;')/e(^&(2)))*e(&(i))^c(^;) 

{b)2,j 



25 



Write 

71 ,72 eQ+ ,71 +72 =£1 
and define S', B" e t^A,-^(7-a,) by 

Then by 

Ce *e)(A(6)) = ACm) = ^MB)) = (^rc ® 7rc)(A(5)) 
we have 7r^(-B') = and 7r^(-B") = *^(&"). Hence we obtain 

=7rc ( (r(4, 5Di?'^r' + r{Ai S{B',K^ei,-a,)))B" K^) / {q' - q-')) 
^e{a,,a.){n^{B")n^iK^) - n^{B')rr^{K.'))/2 

□ 

For i e / we set 

(7.12) Ci = C^"""'^^^- 

For F e (7 e g+) define e t/^;7_(,_(,+,)„^) (r,5 ^ 0, ^ e /) 

by 

(7.13) A,(F) e J] i^^'-) ® <,(F)X-'- i^^^^X-,^..., 

+ ^t-,,®t^i:-,.^-7i®t^A;-.3^-7i-72, 

(7l,72,73)eS 

where S consists of (71,72,73) £ (Q"^)^ such that 71 + 72+73 = 7 and 
(71,73) ^ Z^o«j X Z^oaj- 

Lemma 7.4. Le^ i e /. For F e U^'~-^ (7 e Q^) we have 
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Proof. For X e U^^ we have 

t{AIXAI, F) =(t t ® t){AI X ^ Al A2(F)) 
-r{Al,Ft^)T{X,^l.^,{F))r(At,F^^'^) 

and hence 

for any x E . It follows that 

=crr?'^(x',e"(pf(v.;+,,o(^)))) 

for any x' G t/^*". Here we have used the fact that the image of *^ is contained 
in the center. □ 

Lemma 7.5. Let i e /, 7 e and b e U^^^. 

(i) Let f eU^lZ^^^^^y Write 

A(/) = J] e I7f;:^^ ® Ff;:,J, 

71 ,72 eQ+ ,71 +72 =7+"i 
anc? define f G /7,af = f ® fi- Then we have 

(7.14) r^({..(A), /) - r?-- (fe, ^^[/, e.] - ^^/') . 

(ii) Let f G C/J';r^(^+^.). l^nte 

A(/)= E ®pJ(/r_,J) 

7l>72GQ+,7l+72=^(7+ai) 

(/7l,72 e C^C,-7l ®^C,-72)' 

anc? define f G U^'-e^ by f^^y^tai — f ® ^/len u;e /ia?;e 

(7.15) r«'^({7rc(4)/e(&)},/) 

= T;'-(6,^^[e-(/),e.]-i^e^(/0). 
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Proof. Note that (i) can be regarded as a special case of (ii) when i = 1. 



Hence we will only prove (ii). Take F G U^' such that Pq{F) = f. 



By 

r+s+t=£ 



and Lemma [2.21 we have 



r+s+i=£ (F)2 
r+s+t=£ (F)2 



s=0 



where 



By e t/f^ we have X, e t/f^ for ^ s ^ £. Note that = F and 

-^0 = E] "^0,r,t5 

where 

Note also that 

( 1 ^m „'^('"-i)/2 



for r + t = ^, r ^ 0, t ^ ^ ^- ^ 
Xo.£ + -^0.0 1 £ • From this we obtain 



Hence Xo,r,t e f/f^ for r + t = ^, r 7^ 0, t 7^ 0. By Xq G f/^^, we also have 



or equivalently, 
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Let us show 



(7.16) eiPii E ^0,.,)) 

r+t=e,r>0,t>0 

By Lemma 17.41 we have 

r+t=e,r>0,t>0 

i-1 , _^^J^_^^(^-^)(^-t-l)/2 , 



2t 



tA(t-\)l2 



1 

_ E/ 



yr(pf«o(^))), 



and hence it is sufficient to show 



E 



(-i)'C' 



t-- 



(Ci Ci ) 2£ ' 



Indeed we have 



-i)'C' 



£-1 



(-i)'-'C 



E(-i) 



(Ci — Ct ^) ^^_-|^^t 



i=l 



£- 1 
t- 1 



(0 - C') 



(0 - C') 



(0 - C') 



0/ 



1 - nic 

j=0 



1) 



(0 - C 



-1^ 
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fl7.16p is proved. On the other hand we have 



\Pc \ m \( -iw 



J 9' 



i! - Qi 



2i 

and hence 



K'(/),eJ =«^(pf(|f'.B;"l) = -E«'(!'<(-^W-.,.)) 



t=0 



Write 

71 172 GQ+ ,71 +72 =^(7+«j ) 

Then we have 



30 



Take B G ^ such that 7r^(-B) = ^^{b). Then we have 



C 



-{T{A[B-BAlF)/i{q'~q-'))\,=^ 



[a^^^L (, ,L (-L ( ^UF)K-' - ^UF)K^ 

7; Tl 0' ^ \PC 



'"•■"•>-T;-'fMf'(/).e.i-^^f^(/')i. 



2 

We are done. □ 

Now let us finish the proof of Theorem 17.21 Regarding C[M] as a subspace 
of [/(m)* the Poisson bracket of C[M] is uniquely determined by the following 
properties. 

(7.17) ({^,^},1) = (v.,^gC[M]), 

(7.18) ({y^,7/;},a) = ^([(rf^)e,(#)e],a) (y^, 7/; G C[M], a G m), 

(7.19) {{v,i^},uv) 

= 5Z (¥'(o)V^(o)®{^(i),V^(i)} + {¥'(o),V^(o)}®<^(i)V^(i),M®t') 

G C[M],u,t; G f/(m)). 

In (17.181) we have identified the cotangent space m* of M at the identity 
element e with the Lie algebra 6 via k. Define res : C[M] — ^> as the 
composite of 

C[M] ^ f/(m)* ^ m* ~ 

where f/(m)* ^ m* is induced by the canonical embedding m "-^ U{m) 
and m* ~ is given by k. Then we have {d(p)e = Tes{ip) for any ip G 
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C[M]. Therefore, the Poisson bracket of C[M] is uniquely characterized as 
the bihnear map 

(7.20) { , } : C[M] X C[M] C[M] 
satisfying 

(a) C[M] becomes a Poisson Hopf algebra, 

(b) Tes{{^, ^}) = [res(¥.), res(V^)] (y., ^ G C[M]). 

Assume that we are given a bilinear map fl7.20p satisfying the condition 
(a). Set 

D = {a„ bi,xx\ie I,\eQ} c C[M]. 

By Lemma 17.11 and the general formula 

(7.21) vesiifilj) = e{ip) res(V^) + e{^p) res((/?) {cp, ^ G C[M]) 
we see that the condition (b) is satisfied if and only if 

(c) res({(/?,V^}) = [res(¥?),res(V^)] e D,i/j e C[M]). 

Note that C[M] is generated as an algebra by C[M+], C[M'] and C[M°], 
where C[M°], C[M^] are regarded as subalgebras of C[M] by fl5.3p . Hence 
by (17.211) we see that the condition (c) is satisfied if and only if 

(d) res({(^, tp}) = [res((^), res(^)] E D,ij e C[M+] U C[Af-] U C[M^]). 

Let us show that the isomorphism T : f/i — C[M] preserves the Poisson 
structure. Set r = res oT : f/i — t, and 

(7.22) D' = {m{A,),m{B,),7r^{K^) \ i e I, X e Q} C U,. 
By the above argument it is sufficient to show 

(7.23) r({a, b}) = [r(a), r(6)] (a eD',be U f/f U t/f), 
where the Poisson bracket { , } of f/i is given by (17.61) . We have 

rMA^)) = ^^^(e.), rMB^,)) = -^^^(/.), 

where hx E [) is such that k(/ia, ^) = X{h) for any G f). 
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Let us show fl?:^ for a = txi{Kx). \i h = tii{B) for B e U^, then we 
have {a,b} = by [Ul,Ul] = 0, and [r(a),r(6)] = by r(a),r(6) G 9{[)). 
Assume b = vri(i?) for B G U'^^^- Then we have 

{a, b} =M{K^B - BK^)/{q - q-')) = M{q^^''^^ - l)BK^/{q - q-')) 
= ±{X,l)b/2. 

On the other hand by r (6) G we have [r(a),r(6)] = ±(A, 7)r(6)/2. Hence 
(I7.23P is proved for a = ni^Kx). Note that the above argument also give the 
proof for the case b G Ui- It remains to show fl7.23p when a = vri(ylj) or 
7ii{Bi), and b eUf. 

Let us consider the case a = ni^Ai) and b G Ui_^ for 7 G Q^. If 
7 — ctj ^ A U {0}, then both sides of fl7.23l) are zero by r({a, b}), [r(a), r(6)] G 
6'(0_^+a.). In the case 7 = we can easily check that the both sides of fl7.23p 
coincide with zero. In the case 7 = we can also easily check that the both 
sides of f l7.23p coincide with (oj, ai)9{hon) /2. Therefore, we may assume that 
7 — G A+. In this case it is sufficient to show 

K(r({a, 6}), (x, 0)) = k{[r{a),r{b)], (x, 0)) 

for any x G 07-0^- By Lemma [7^ we have 

where 6', b" are as in fl7.8p . and hence 
^(r({a,6}),(x, 0)) 

=^^^(r(&%(ir.) - &Vi(i^-i)), (x,0)) 
=^^^i(6'Vi(ir.) - &Vi(A7i), (x, 0)) 

=^^ai(6"-6',(x,0)). 

On the other hand we have 

K([r(a),r(6)],(x,0)) 
= -Ai(r(6),[r(a),(x,0)]) 
= - (fti, ai)/t(r(6), [xi, (x, 0)])/2 
= - (aj, [xi, (x, 0)])/2 

= - (tti, ® CTi) (A(6), Xi ® (x, 0) - (x, 0) ® Xi)/2 

= - {ai,ai){ai{'Ki{Bi),Xi)ai{b'-Ki{K-^), (x,0)) - (x, 0))ai(7ri(fiiK_(^_c,,)), Xi)/2 

= -(ai,ai)(ai(6'-6",(x,0))/2. 
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fl7.23p is proved in the case a = 7ii{Ai) and b G f/f . 

Let us next consider the case a = ni^Ai) and b G U^^^. We have r(a) G 
O^QaJ, fib) G ^^(07), r({a, 6}) G 6'(g7+Q,-), and hence we may assume that 
7 + G A+. If 7 = 0, then the both sides of (17.231) is zero. Hence we may 
also assume that 7 G A"*". Then it is sufficient to show 

/i(r({a,6}),(0,y)) = Ai([r(a),r(6)],(0,y)) 

for y G g_(7+ai). By Lemma [731 we have 

~K{r{{a, 6}), (0, y)) = a,{{a, 6}, (0, y)) = r\\{a, 6}, y) = ^^^f ^(fe, e,]). 

On the other hand we have 

k{[r{a),r{b)],{Q,y)) = -k{r{b),[r{a),{Q,y)]) 
= - (ai, ai)k{r{b), (0, [e^, y]))/2 = (a^, ai)ai{b, [y, ei])/2 

= {ai,ai)Tl'^{b, [y,ei\)/2. 

f l7.23p is proved in the case a = vrj(Aj) and b G Ui . The remaining case 
a = 7ri{Bi) is proved similarly to the case a = TTi{Ai). We omit the details. 
Now we have proved that the isomorphism T : Ui ^ C[M] preserves the 
Poisson structure. 

It remains to show that is closed under the Poisson bracket and that 
the isomorphism ^C, '■ Ui preserves the Poisson structure. By the above 
argument and by Lemma l7.ll we see that the set D' (see (17.221) ) generates 
the Poisson algebra. Therefore, it is sufficient to show 

(7.24) {*e(a), 'm} = *e({a, &}) (a eD',be f/+ U f/? UU{). 

The case a = ni{Kx) is easy. Hence it is sufficient to show (I7.24p in the 
cases a = 7ii{Ai) or a = 7ii{Bi), and b G U U{ . Assume a = 7ri(Aj). If 
b G f/f , the assertion follows from Lemma [731 If & G , then we see easily 
by Lemma [7. 51 that 

ac(ft(«),*e(&)},Z/)=^c(*e(K &}),!/) 

for any y eV^. Since {*^(a), *^(6)}, *^({a, b} G U^, holds in this case. 

The proof for the case a = 7Ti{Bi) is similar to that for a = 7ii{Ai). Details 
are omitted. The proof of Theorem 17.21 is now complete. 
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8 Poisson manifold associated to rings of dif- 
ferential operators 

We denote by F the subspace of U* spanned by the matrix coefficients of 
finite dimensional [/-modules E such that 

E = with Ex = {veE\K^v = q^^^^'h (V/i G Q)}. 

It is endowed with a structure of Hopf algebra via 

{ipi>, u) = {if® i), A(m)) (v9, G F, ueU), 

{l,u) = e{u) {u G U), 

{A{(p),u (g) u') = {if, uu') {if G F, M, u' eU), 

e(<^) = (<^,l), iv^F), 

{S{^),u) = {v,S{u)) {<feF, ueU), 

where ( , ) : F x U ^ Qil) is the canonical paring. F is also endowed with 
a structure of [/-bimodule by 

{u'ipu",u) = {ip,u"uu') {if G F,u,u',u" G U). 

For a subring A of Q{q) containing Q[5', f?""*^] we set 

Fj, = {^eF\{^,ut)cA}. 

It is a Hopf algebra over A and a f/^-bimodule. For 2; G we set 

= C®A. Fa., 

where A^ — C is given hj q ^ z. Then Fj is a Hopf algebra over C and a 
f/f'-bimodule. In the following we will only be concerned with Fi, which is 
canonically isomorphic to the coordinate algebra C[G] of the adjoint group 
of 0. 

Denote hj ip \—>- Tp the canonical homomorphism Fa^ Fi = C[G]. We 
have a natural Poisson Hopf algebra structure on C[G] given by 



{if,!/;} = [ip,ilj]/{q-q-^) {ip,^ e FaJ. 

It is known that this Poisson Hopf algebra structure of C[G] coincides with 
the one comming from the Manin triple (g © g, m, t) by identifying i with q 
(see De Concini-Lyubashenko) [3]). 
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We define a Q(g)-algebra structure on 

D = F U 

by 

{if (g) u){(f' u') = ^ ip{u(o)(f') {if, if' e F, u, u' e U). 

(u) 

The algebra D is an analogue of the ring of differential operators on G. We 
will identify U and F with subalgebras of D by the embeddings U 3 u ^ 
1 ® M G -D and F^^^i— >(^(g)lG-D respectively. 

Let A be a subring of Q(q') containing Q[g, . We have a natural A-form 

D'^ = Fa ®a f/l 

of D whose specialization 

D[ = C ®A ^1 = Fi ® 

at g = 1 is almost isomorphic to the ring C[G]®c^(0) of differential operators 
on G. However, in the following we will be concerned with a different A-form 

Dk = Fa ®a ^a- 

For z G we set 

D, = C ®A, ^A, =F,®U, 
where A^ — C is given hy z. 

Lemma 8.1. Di is a commutative algebra. In particular, it is identified as 
an algebra with the coordinate algebra C[G\ ® C[M] of G x M. 

Proof. By the definition of the multiplication of D it is sufficient to show 
uip = e{u)ip for u E Ui, ip & Fi. Let l : Ui ^ U ^ be the algebra homomor- 
phism induced by C U^. Then we have 

and hence it is sufficient to show l{u) = e{u)l for any u G Ui. We may 
assume that u is one of Kx (A G Q), Ap^^Bp^ (1 ^ A; ^ A^). In these cases 
the assertion follows from i{Kx) = 1, '-(^/j^) = i^^Bp^) = □ 

Remark 8.2. We can show that Di is isomorphic to a central subalgebra of 
D(^, where C is as in Section [6l 
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By Lemma 18.11 we have a natural Poisson algebra structure of Di = 
C[G] ® C[M] given by 

{$, W} = ($, G Dj,), 

where Z^a 9 $ i-^ $ G -Di = C[G'] ® C[M] is the natural homomorphism. Let 
us describe this Poisson bracket more explicitly. 

By definition the canonical inclusions C[G] 3 i— >■ ® 1 G Di and 
C[M] 3 ip i-^ 1 ^ ip & Di are homomorphisms of Poisson algebras. Since 
the Poisson structures of C[G] and C[M] are already described explicitly, we 
have only to give a description of for (f G C[G], ip G C[M]. 

In general, for an algebraic group S with Lie algebra s we denote by 

( , ) : C\S] X U{s) C 
the canonical Hopf paring. We have a f/(s)-bimodule structure of C[S'] given 

by 

{u'(pu",u) = {ip,u"uu'). 
For a E 5,(p E C[S], s E S we have 

{a(p){s) = ^(p{s exp{ta))\t=o, i^a)is) = ^(p{exp{ta)s)\t=o. 

For a G s we denote by La (resp. Ra) the left (resp. right) invariant vector 
field on S given by La{f) = aip (resp. Ra{^) = fa)- For 6 G s* we denote by 
LI (resp. Rl) the left (resp. right) invariant 1-form on 5* given by {La, LI) = 
{a,b) (resp. {Ra, Rl) = {a,b)). 

Proposition 8.3. For ip g C[G], e C[M] we have 

dim 

{^,^} = -5^(%(^))(i?,,(^)), 
r=l 

where {^r-}r™^ ^^^'^ {'Vrjr™^ bases of q and m respectively such that 
Proof. Our assertion is equivalent to the identity 

{x) r 
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in Di = Fi®Ui^ C[G] ® C[M]. For u G U^^ we have 

X^(a;(o)/,M)a;(i) - {f,u)x = ^(/,ux(o))x(i) - {f,u)x, 

(x) (x) 
r r 

and hence our assertion is further equivalent to the identity 



(x) r 

in f/f (g) f/i = [/(g) ® C[M]. This statement follows from its special case 
u = l: 



(x) 

Let {xj}j be a free basis of [/ai, and define Vj E = HomAi (f/Ai, -'^i) by 
{vj,Xk) = Sjk- Then for v G f/^^ we have 

^(w,X(i))x(o) - = ^{v,X(^i)){vj,X(^o))xj - 

= "^^{VjV, x)xj — {v, x)l, 
j 

^{v,XT]r)^r = ^{r]rV,x)^r- 
r r 

Here, the multiplication of f/^^ is induced by the comultiplication of Uai- 
Therefore, we have only to show the identity 



j r 

in the completion Homc(C[M], [/(g)) of ?7(0)®C[M]*. This statement follwos 
from its special case v = lu* = £'■ 



Xj ®Vj - 1® l)/(g - g-i) = ^ ® r]r. 

j r 

This follows from Lemma 18.41 below. □ 
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Lemma 8.4. Let E : C[M] U{g) be the map induced by 

U^,3x^{x- e{x)l)/{q - q'') G f/f^. 

Then we have Im(S) C g and 

k{e{E{^)),r]) = {^,r]) {if G C[M], r] G m). 

This can be shown by a direct computation in terms of root vectors. 
Details are omitted. 

Remark 8.5. In terms of the Poisson tensor 6 of the Poisson manifold GxM 
Proposition 18.31 can be reformulated as follows. Under the identification 
Q = m*, m* = via k we have 

= -ki^,ri) {{g,m) G G x M, r/ G m, ^ G fl). 
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